Suppose λ > κ is measurable. We show that if κ is either indestructibly supercompact or indestructibly strong, then A = {δ < κ | δ is measurable, yet δ is neither δ + strongly compact nor a limit of measurable cardinals} must be unbounded in κ. The large cardinal hypothesis on λ is necessary, as we further demonstrate by constructing via forcing two models in which A = ∅. The first of these contains a supercompact cardinal κ and is such that no cardinal δ > κ is measurable, κ's supercompactness is indestructible under κ-directed closed, (κ + , ∞)-distributive forcing, and every measurable cardinal δ < κ is δ + strongly compact. The second of these contains a strong cardinal κ and is such that no cardinal δ > κ is measurable, κ's strongness is indestructible under <κ-strategically closed, (κ + , ∞)-distributive forcing, and level by level inequivalence between strong compactness and supercompactness holds. The model from the first of our forcing constructions is used to show that it is consistent, relative to a supercompact cardinal, for the least cardinal κ which is both strong and has its strongness indestructible under κ-directed closed, (κ + , ∞)-distributive forcing to be the same as the least supercompact cardinal, which has its supercompactness indestructible under * 2010 Mathematics Subject Classifications: 03E35, 03E55. † Keywords: Supercompact cardinal, strongly compact cardinal, strong cardinal, indestructibility, non-reflecting stationary set of ordinals, level by level inequivalence between strong compactness and supercompactness.
Introduction and Preliminaries
We begin with some key definitions. For any non-supercompact measurable cardinal δ, let θ δ be the smallest cardinal greater than δ such that δ is not θ δ supercompact. Suppose now that V is a model of ZFC in which if δ is measurable but not supercompact, then δ is θ δ strongly compact. V is said to witness level by level inequivalence between strong compactness and supercompactness. The cardinal κ is indestructibly supercompact if κ's supercompactness is preserved after forcing with a κ-directed closed partial ordering. The cardinal κ is indestructibly strong if κ's strongness is preserved after forcing with a <κ-strategically closed, (κ, ∞)-distributive partial ordering. The degrees of indestructibility just mentioned are essentially standard (see, e.g., [16, 14, 11] ) for supercompactness and strongness. 1 It is a remarkable fact that the structure of the universe above a strong or supercompact cardinal κ with suitable indestructibility properties can affect what happens at large cardinals below κ, assuming the universe is sufficiently rich. On the other hand, these effects can be mitigated if the universe contains relatively few large cardinals. For instance, in [8, Theorems 5 and 6] , it was shown that if κ < λ are such that κ is either indestructibly supercompact or indestructibly strong and λ is 2 λ supercompact, then B = {δ < κ | δ is δ + strongly compact yet δ is not δ + supercompact} must be unbounded in κ. However, if the universe contains a fairly small number of large cardinals, κ is either strong or supercompact, and κ's supercompactness or strongness exhibits enough indestructibility, then [8, Theorem 8] and [4, Theorem 1] indicate that B may be empty. This sort of occurrence has been further examined in [1, 2, 3] .
The purpose of this paper is to continue studying this phenomenon, but in the context of investigating the degree of strong compactness each measurable cardinal can manifest in universes containing either a supercompact or a strong cardinal with various indestructibility properties.
Specifically, we prove the following theorems. 2. κ is the least strong cardinal.
κ is the least strongly compact cardinal.

Every measurable cardinal δ < κ is δ
Level by level inequivalence between strong compactness and supercompactness holds.
As a corollary to Theorem 2 and its proof, we have the following two theorems. A corollary of Hamkins' work on gap forcing found in [12, 13] will be employed in the proof of Theorems 2 -5. We therefore state as a separate theorem what is relevant for this paper, along with some associated terminology, quoting from [12, 13] when appropriate. Suppose P is a partial ordering which can be written as Q * Ṙ, where |Q| < δ, Q is nontrivial, and Q "Ṙ is δ-strategically closed". In Hamkins' terminology of [12, 13] , P admits a gap at δ. In Hamkins' terminology of [12, 13] , P is mild with respect to a cardinal κ iff every set of ordinals x in V P of size below κ has a "nice" name τ in V of size below κ, i.e., there is a set y in V , |y| < κ, such that any ordinal forced by a condition in P to be in τ is an element of y. Also, as in the terminology of [12, 13] and elsewhere, an embedding j : V → M is amenable to V when j A ∈ V for any A ∈ V . The specific corollary of Hamkins' work from [12, 13] we will be using is then the following.
Theorem 6 (Hamkins) Suppose that V [G] is a generic extension obtained by forcing with P that
admits a gap at some regular δ < κ. Suppose further that j : 
The partial ordering P used to establish Theorem 2 will be given as P 0 * Ṗ does nontrivial forcing only at cardinals δ < κ which are at least δ
rank below the least V -measurable cardinal greater than δ", then P δ+1 = P δ * Q. If this is not the case, then P δ+1 = P δ * Q, whereQ is a term for trivial forcing.
is an arbitrary cardinal, and let γ = 2
Take j : V → M as an elementary embedding witnessing the γ supercompactness of κ generated by a supercompact ultrafilter over
where the first stage at which R does nontrivial forcing is well above γ. Laver's original argument from [16] now applies and shows V
, and show by the γ
) As λ and Q were arbitrary, this completes the proof of Lemma 2.1.
Since trivial forcing is both κ-directed closed and (κ
To do this, work in V . Write P 1 = P * Ṗ , where |P | = ω, P is nontrivial, and P "Ṗ is ℵ 1 -strategically closed".
3 By Theorem 6, δ had to have been measurable in V . This means by the
, by the definition of
it suffices to show that V 
, i.e., V
we may use the usual diagonalization argument to build an M [G]-generic
filter H over Q with j 0 G ⊆ G * H. 4 We then have that j 0 lifts in δ , and to show that V
For this, we use exactly the same argument as given in [5, Lemma 2.3, Claim 1 of Case 2]. We 3 Although not directly relevant to this proof, it is actually true that P "Ṗ is ℵ 2 -directed closed". 4 An outline of this argument is as follows. will not provide as many details as in [5] , although we will give a reasonably complete proof. Let 
.
The lifted embedding witnesses the δ
δ , thereby completing the proof of Lemma 2.2.
To do this, write i(P
, where for n = 0, 1, theQ k(j(δ))) .
To see that the lifted embedding satisfies the cover property mentioned above, suppose that γ is an ordinal with
To obtain G 0 1 , note that since k is generated by an ultrafilter over δ and since GCH holds in both V and N , |k(δ . Therefore, as j is generated by a supercompact
Work until otherwise specified in M . Consider the "term forcing" partial ordering T * (see [10] for the first published account of term forcing or [9, Section 1.2.5, page 8]; the notion is originally due to Laver) associated withṪ
iff τ is a term in the forcing language with respect
is technically a proper class, it is possible to restrict the terms appearing in it to a sufficiently large set-sized collection, with the additional crucial property that any term τ forced to be inṪ 0 is also forced to be equal to an element of T * . As in [5] , this can be done in such a way that
is ≺δ ++ -strategically closed", it can easily be verified the property that p "ẋ ⊆ γ is such that |ẋ| ≤ δ + ". Note that this is unambiguous, since P 
, we build the generic objects G 
) supercompact", and so any ordinals at which Q 1 does nontrivial forcing lie in the interval (δ, k(δ)). This means we can construct the
To build G To do this, let δ < κ be such that V "δ is a measurable cardinal which is not a limit of measurable cardinals". By the definition of P
1
, we may write P "δ is a measurable cardinal", then V "δ is measurable" as well. We must therefore show that if V P 1 "δ is not a limit of measurable cardinals", then V "δ is not a limit of measurable cardinals". However, if V "δ is a measurable cardinal which is a limit of measurable cardinals", then in particular, V "δ is a measurable cardinal which is a limit of measurable cardinals γ such that γ is not a limit of measurable cardinals". By our remarks in the preceding paragraph, such γ are preserved to V 
The Proof of Theorem 3
Having completed the proofs of Theorems 1, 2, 4, and 5, we turn now to the proof of Theorem 3.
Proof: Suppose V "ZFC + GCH + κ is the least cardinal which is both strong and κ + supercompact + No cardinal δ > κ is measurable". As with the proof of Theorem 2, the partial ordering P used to establish Theorem 3 will be given as P 0 * Ṗ We have now the following lemma.
Proof: The proof of Lemma 3.1 is very similar to the one given in [7, Lemma 2.5]. We consequently quote from this argument, making the appropriate changes where necessary. We use for the proof of this lemma the same notation and terminology as in [7, Lemma 2.5] , which is taken from the introductory section of [9] . Fix ζ > κ + an arbitrarily large ordinal, and let λ > ζ be the least cardinal such that λ = ℵ λ and λ has cofinality κ. Let j : V → M be an elementary embedding witnessing the λ strongness of κ generated by a (κ, λ)-extender of width κ such that M "κ is not λ strong", 6 and let i : V → N be the elementary embedding witnessing the measurability of κ generated by the normal ultrafilter U = {x ⊆ κ | κ ∈ j(x)}. We then have the commutative
is measurable", for if this were false, then since
impossible. As the choice of λ implies that M "λ is singular", this means that in M , the least measurable cardinal δ > κ is such that δ > λ.
For any ordinal α, define σ α as the least ordinal greater than α such that α is not σ α strong if such an ordinal exists, and σ α = 0 otherwise. Define f : κ → κ as f (α) = The least inaccessible cardinal greater than σ α . By our choice of λ and the preceding paragraph, κ < λ < j(f )(κ) < δ, where δ is the least measurable cardinal in M greater than κ, i.e., the least element above κ to which j(P 0 ) adds a non-reflecting stationary set of ordinals of cofinality ω.
By elementarity, we must have N "κ is not strong and κ < γ = i(f )(κ) < δ 0 = The least measurable cardinal in N greater than κ = The least element above κ to which i(P 0 ) adds a non-reflecting stationary set of ordinals of
Thus, k can be assumed to be generated by an N -extender of width γ ∈ (κ, δ 0 ).
Write i(P 
can also be assumed to be generated by an extender of width γ ∈ (κ, δ 0 ).
In analogy to the preceding paragraph, write j(P 
, and we get the new commutative diagram Hence, j is a λ strongness embedding. Since both ζ and λ may be chosen arbitrarily large, this completes the proof of Lemma 3.1.
Work now in V . Before defining P, we recall a definition from [14] . If A is a collection of partial orderings, then the lottery sum is the partial ordering ⊕A = { P, p | P ∈ A and p ∈ P} ∪ {0}, ordered with 0 below everything and P, p ≤ P , p iff P = P and p ≤ p . Intuitively, if G is V -generic over ⊕A, then G first selects an element of A (or as Hamkins says in [14] , "holds a lottery among the posets in A") and then forces with it. The terminology "lottery sum" is due to
Hamkins, although the concept of the lottery sum of partial orderings has been around for quite some time and has been referred to at different junctures via the expressions "disjoint sum of partial orderings," "side-by-side forcing," and "choosing which partial ordering to force with generically."
We complete the definition of P by defining P We now show that the embedding j lifts in V P * Q to j :
. As in [14] , by using a suitable coding that allows us to identify finite subsets of λ with elements of λ, by the definition of M , there must be some α 0 < λ and function g such thatQ = j(g)(α 0 ). Let These are the questions with which we conclude this paper.
